Results are presented from an ongoing study of the ρ resonance. The focus is on CLS 2-flavour ensembles generated using O(a) improved Wilson fermions with pion masses ranging from 265 to 437 MeV. The energy levels are extracted by solving the GEVP of correlator matrices, created with the distillation approach involving ρ and ππ interpolators. The study is done in the centre-of-mass frame and several moving frames. One aim of this work is to extract the timelike pion form factor after applying the Lüscher formalism. We therefore plan to integrate this study with the existing Mainz programme for the calculation of the hadronic vacuum polarization contribution to the muon g − 2.
Introduction
The ρ resonance, whose principal decay is ρ → ππ, is the simplest QCD resonance to study on the lattice, yet very interesting for a number of reasons: Studying resonances is quite challenging and the ρ is the benchmark for Lüscher-style analyses [1] [2] [3] . One of the reasons for this is that all decays other than the already mentioned ρ → ππ are negligible [4] . Also the noise-to-signal ratio, which is proportional to e −(m ρ −m π )∆t (where m π denotes the mass of a pion at rest), is more favourable compared to other hadronic states. Another reason to study the ρ resonance is that it gives access to an interesting physical quantity: Meyer [5] has shown that one can extract the pion form factor F π in the timelike region for 2m π ≤ √ s ≤ 4m π , by computing scattering phase shifts and matrix elements in the vector channel. This quantity is of particular interest because it is crucial to reduce the uncertainty in theoretical calculations of hadronic vacuum polarization part a hvp µ in the anomalous magnetic moment of the muon (g − 2) µ [6] . One of the technical challenges of including multi-hadron interpolators is that we have to handle sink-to-sink quark propagators. The approach we use in this work and which is able to handle those is (stochastic) distillation using Laplacian-Heavyside (LapH) smearing [7, 8] .
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Theoretical approach and lattice setup
While there are efficient techniques for the inversion of the Dirac matrix K, it is still prohibitively expensive to compute the full propagator matrix. For a naive computation of a sink-to-sink quark line, this inversion would have to be performed for each pair of quark positions on the sink timeslice. Distillation drastically reduces the number of inversions needed by using a low-rank hermitian smearing matrix S = V S V † S [7] . This leads to a much smaller matrix, V † S K −1 V S , which has to be calculated and stored on disk. In stochastic LapH, which replaces the exact determination of the quark propagation by a stochastic estimate, quark lines Q (more precisely: quark propagators smeared at the source and sink) are then expressed as an expectation value of distillation-sink vectors ϕ and distillation-source vectors :
The noise vectors ρ are defined in the distillation subspace, obeying ρ = 0 and ρρ † = 1. P (b) are the dilution projectors [9] with dilution index (b) in the distillation subspace.
In this setup we use ρ interpolators and ππ interpolators with respective pion momenta p 1 , p 2 obeying p 1 + p 2 = P,
We work in the isospin limit with degenerate light quark masses m u = m d . Using these interpolators we analyse four different frames: The centre-of-mass frame (CMF) with a total momentum P = 2π L d = 0, as well as three moving frames with lattice frame momenta d 2 = 1, 2, 3, averaged over all possible directions on the lattice. In those frames we analyse different lattice irreducible representations (irreps).
In order to extract not only the ground state but also excited states, we use the variational method [10, 11] : In this method, in each frame and irrep, we form a correlator matrix C(t) from the interpolators defined above,
We then solve a generalised eigenvalue problem (GEVP) of this matrix,
There are different ways of choosing t 0 . We use the so-called window method [12] : t 0 = t − t w , choosing a fixed window width of t w = 3. In order to assess residual excited-state-effects, we also employ the method where t 0 is kept at a fixed value for comparison. Asymptotically the eigenvalues satisfy λ (k) (t) → e −E k t w , and we define effective masses in the usual way.
Using the Lüscher condition [1-3]
we can obtain information on the infinite-volume phase shift δ(k) from the discrete energy levels E cm = E cm (k) = 2 k 2 + m 2 π (boosted to the centre-of-mass frame) extracted from the finite-box lattice.
In addition to the phase shift we are interested in the overlap of the vector current between the vacuum and the extracted states of the energy spectrum, |A| = | Ω|J(t)|n | [5] , because it gives us access to the timelike pion form factor:
where G(γ) is a factor of γ or γ −1 , depending on the lattice irrep introduced in [13] and applied for the first time in [14] . In order to obtain this, we have calculated the matrix elements J µ (t)O † i (0) . Then, the GEVP eigenvectors v n (t) can be used to form operators X n (t) = v † n (t)O(t) which project approximately onto the state with energy E n . We can finally use these operators X n to form a twopoint function with the current insertions at the sink,
Forming various ratios [15] the desired matrix element |A| can then be extracted.
For this study, we use a Clover action on three different CLS 2-flavor lattices with β = 5.3 and c sw = 1.90952 which corresponds to a lattice spacing of a = 0.0658(7)(7) fm [16] and pion masses ranging from 437 MeV to 265 MeV [17] , listed in Table 1 . Table 1 . CLS 2-flavor lattices used in this study. All lattices have β = 5.3 and a lattice spacing of a = 0.0658(7)(7)fm. The numbers in brackets for N meas are the target statistics in the respective ensembles. We use exact distillation (full dilution) on E5 for the quark lines connected to the source timeslice and stochastic distillation (using time dilution) for the sink-to-sink lines. On F6 and F7 we use stochastic distillation for all lines.
Analysis
In each frame and irrep, we extract several energy levels in the low-lying part of the spectrum. The energy spectra of two example irreps are shown in Fig. 1 , both of which use the window method with t w = 3. The solid black lines in these plots are the energies of the free pion pairs allowed in that respective box and irrep. It also shows an example of an irrep where the non-interacting levels of two moving pions are so close together that the different energies cannot be resolved with the current level of statistics. Taking all those levels (in the range 2m π ≤ √ s ≤ 4m π ) into account, we can map out the energy dependence of the elastic scattering amplitude parametrized by a single phase shift, plotted in Fig. 2 . The two axes in this plot are correlated, which is why the error bars of the points of this curve follow the lines allowed by the Lüscher condition, i.e. the function φ(q). We perform a global fit to all lattice data points in this plot simultaneously using the following procedure: First of all, we assume the phase shift curve in the resonance region to follow a Breit-Wigner curve,
The free parameters of the Breit-Wigner are the mass m ρ and the effective coupling g ρππ . From the Lüscher condition we have another way of expressing cot δ 1 (k):
The difference of these two expressions can be thought of as a function of an energy level boosted to the CMF E cm as well as the two resonance parameters g ρππ and m ρ ,
Given any set of parameters g ρππ and m ρ , the zeros of f (E cm , g ρππ , m ρ ) now correspond to energy levels E cm,i (g ρππ , m ρ ). We can define a χ 2 -function using those energy levels and the ones extracted from our lattice simulation:
where C −1 i, j is the inverse of the covariance matrix which we have obtained from our jackknife analysis of the energy levels E lat,i . By numerically minimising χ 2 (g ρππ , m ρ ) we can obtain the desired parameters g ρππ and m ρ . It is worth noting that this formalism does not depend on the fit function in the resonance region being a Breit-Wigner curve. Any other parametrisation of δ(k) could be used as well, which will be a helpful tool for the study of resonances more complicated than the ρ. The parameters we obtain from the fit according to our procedure on E5 are shown in Table 2 . The window method results in smaller errors with a larger χ 2 value, but both methods agree with each other. For comparison, the naive ρ mass on the same ensemble was determined in [18] to be am ρ,naive = 0.3208(29).
E5 is the only lattice ensemble where we have already reached our target statistics. On F6 and F7, which are larger lattices with a pion mass of 311 MeV and 265 MeV, respectively, our results (see Fig. 2 ) look promising already, even with only a fraction of the anticipated statistics as indicated in Table 1 . The vertical red line indicates the 4m π threshold, above which the theory does not apply any more. All data above this threshold are subsequently excluded from the fit. Some other levels are excluded (indicated by a grey color of the level) because these levels are not resolvable at our current level of statistics. An example of such a situation is given in Fig. 3 , where the lowest two levels lie so close to each other that their respective plateaus cannot be reliably determined.
In Fig. 4 we show the pion-mass dependence of m ρ and the coupling g ρππ . It is interesting to note that an extrapolation of the naive determination of m ρ , which uses the plateau value of the ground state of our correlator matrix in the centre-of-mass frame and the determination of the ρ resonance mass, taking all power-law finitie-volume effects into account extrapolate quite differently towards the physical pion mass.
Conclusions
Disillation with stochastic LapH allows us to extract the spectrum across various irreps relevant to the ρ resonance with suficcient precision to use in a Lüscher-type analysis. While we have computed the final data set on the ensemble with the heaviest pion mass, there is still room to increase statistics further on the other two ensembles. The fit we perform to the phase shift points precisely takes into account their error, which is confined to the Lüscher curves. Figure 2 . Energy dependence of the phase shift δ on the lattices E5 (top), F6 (center), F7 (bottom). Each data point corresponds to an energy level in an irrep relevant to the rho resonance. The resonance shape is welldescribed by a Breit-Wigner shape (solid line). The 4m π threshold is indicated by the solid red line in the lower two plots. For the explanation of the grey points (not used in the fit), see text.
with the current matrix elements J µ (t)O † i (0) furthermore allows us to map out the timelike pion form factor |F π | in the ρ-resonance region, which agrees well with the Gounaris-Sakurai parametrisation of |F π |, obtained from the phase-shift fit parameters m ρ and g ρππ . Finally, we use |F π | to constrain the large-time behaviour of the vector-vector correlator G(t) = Vi(t)Vi(0) that is used for a . Pion-mass dependence of m ρ and g ρππ from various determinations, using the value from the single-rho correlator at rest (blue) and from a full Lüscher analysis taking finite-volume effects into account (magenta). For comparison, the naive rho mass determined in [18] is shown as well (red). Grey data points are not used in the fit.
